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Differential forms

m wedge product : (metric free)
A AFQ) x Al(Q) = AFH(Q)
m exterior derivative : (metric free)

d: AFQ) = AML(Q)
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Differential forms

m wedge product : (metric free) m  Leibniz rule : d (a(k) A b(l)) = da® A B0 + (_1)ka(k) Adp®
A AFQ) x Al(Q) = AFH(Q) " AF(Q) = A"R(Q);  AK(Q), A"F(Q) differently oriented

. S . ]
m exterior derivative : (metric free)

<,l<k),b<k>)0 _ / 20 A xp®
Q

d: AFQ) = AML(Q)
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Differential forms

m wedge product : (metric free)
A AFQ) x A(Q) = AFH(Q)
m exterior derivative : (metric free)

d: AFQ) = AML(Q)
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m % Leibniz rule : d (a(k) A b(l)) =da® A0 4 (=1)ka®) A db®)
m Hodge » : AK(Q) — A"7%(Q);  A¥(Q), A" ¥(Q) differently oriented

m inner product :
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Basis functions

FIGURE — Lagrange polynomials (N = 4) on Gauss-Lobatto mesh
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FIGURE — Edge polynomials (N = 4) on Gauss-Lobatto mesh
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Toward hybridization

Dual finite element method Petrov-Galerkin method
4 4
dual finite element method Petrov-Galerkin method
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Hybrid dual finite element method
@®0000

Yi Zhang TU Delft T, (o



2nd order elliptic problem

We consider a constrainted minimization problem given as

min L (uw—n,u(n—l))
duln=1) =—f(n) 2

Q
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2nd order elliptic problem

We consider a constrainted minimization problem given as

min 1 (w0, -0

,f(n) 2 Q

dul

L3O, 4Dy = % (u<n—1>,u(n—1>)0 _ /Q (dum—l) n f<n>) AGO),
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2nd order elliptic problem
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dul
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2nd order elliptic problem

We consider a constrainted minimization problem given as

min 1 (w0, -0

dul —fm) 2 Q

L3O, 4Dy = % (u<n—1>,u(n—1>)0 _ /Q (dum—l) n f<n>) AGO),

u= = +xdg® in Q

—du) = £(n) in Q)
tr @ =0 onT
u=V¢ in Q
—V-u=f in Q
¢=0 onTI

Yi Zhang TU Delft 2nd-4th October, 2017, Portland, Oregon, USA 2nd October 2017

7115



Hybrid dual finite element method
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2nd order elliptic problem
We consider a constrainted minimization problem given as

1 (um—n,u(n—l))

min
duln=1)=—f(n) 2 Q

LG9, ulr=Dy = % (u(n—l)’u(n—l))o B /Q (du("_l) +f(")) GO

u= = +xdg® in Q

—du) = £(n) in Q)
tr @ =0 onT
u=V¢ in Q)
—V-u=f in Q
¢=0 onTI
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2nd order elliptic problem

Lagrange functional :

L,y = % (u<n—1>,u<n—1>) _/O (du<n—1> +f<n>) A GO,

Q
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2nd order elliptic problem

Lagrange functional :
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2nd order elliptic problem

Lagrange functional :

_ /Q (dum—l) 4 f<n>) AGO),

LF,uD) = £(§O), D) +/r'/ {tr u("*l)} AA©

w1 = 4dp©® inQ

—dut=1) = £ in Q)
tr¢® =0 onT
tr (0= A0 onT’
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2nd order elliptic problem

Lagrange functional :

_ /Q (dum—l) 4 f<n>) AGO),

LF,uD) = £(§O), D) +/r'/ {tr u("*l)} AA©

Hybrid weak formulation : Given f(") € L2A"(Q)), seek
{u=1,60, A0} e {HA"1(0), 12A%(Q), HY2A(T) },
such that
(v("’]),u(”’l)) —/ dzJ("*])AqS(O)i/ AO Atro=D =0
a Ja r
_ [ qun=V A gO© :/ ™) A GO
Jau g Jrong

/, '?(0) A [tr u(”’l)] =

for all {v<"-1>,¢<0>,7<0>} € {HA<"-1>(Q),LZAO(Q),Hg/ZA(r)}.
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Discretization
{u<”*1>,q*><°>,i<°>} € {HA”’l(Q),LZ[\O(Q),H(])/Z[\O(F)},
(n=1)  (n-1)\ _ [ 5.(1=1) » 7(0) 5(0) (n-1)  _
(v LU )Q /de AN i/r’A Atro 0
[ qu= A 5O — [ fm A 50
/0 du=D A /O FAG

./1;’ 7O A [tr u("’l)] =0
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ybrid dual finite element method

[e]e]e] Jo)

Discretization
{u1,60, A0} e {HA™1(0), 12A%(Q), HY2A(T) },
(,U(nfl),u(nfl)) 7/ do= A GO i/ A0 Ao —
Q Q I

_ [ qut- A 5O :/ () A 50
/O " l/) Of 1/1
/ 7O A [tr u("’l)] =0
JT!

7

\l O‘m)
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ybrid dual finite element method

[e]e]e] Jo)

Discretization
{u1,60, A0} e {HA™1(0), 12A%(Q), HY2A(T) },
(v<'171),14(”’1)) - / do"=1 A ¢ :I:/ A AroD) =9
Q Q I
_ [ qut- A 5O — / () A 50
J A NN
/ 7O A [tr u("’l)] =0
Jr
-1 - . 2%0 (GO) .
m Li A% (Qet) : Py’ (E,77), the function space spanned by
the polynonmals based on Gauss nodes.
7 m HA=D (O) 1 L GLl (§ 1), the function space
A 0 1 spanned by the polynomlals based on Gauss-Lobatto
' edges.

B LA (Quer) : S(GL2 (&,7), the function space spanned
by the polynomlals based on Gauss-Lobatto faces.

] H;],/ ZA(Te) : P;\,G 0) (&), the function space spanned by
the polynomials based on Gauss nodes in the 1-d
reference space T'pee| ¢ = [—1,1].

(-1.-1) (1.-1)
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[e]e]e] Jo)

Discretization
{u1,60, A0} e {HA™1(0), 12A%(Q), HY2A(T) },
(,U(nfl),u(nfl)) 7/ do= A GO i/ A0 Ao —
o Ja T
_ [ qut- A 5O
/0 u P
/ 7(0) A [tr u("’l)]
JT!
(-1,1)
7
\l 7(0)
(-1,-1) N * N N (1,-1)
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[e]e]e] Jo)

Discretization

{u<”*1>,q*><°>,i<°>} € {HAH(Q),LZAO(Q),Hg/ZAO(r)},

(v(nfl),u(nfl)) 7/ do= A GO i/ A0 Ao —
Q Q T
_ [ qut- A 5O — [ ) A 5O

Jaut D nd S/ o
/ 7(0) A [tr u(”’l)] =0
JT!

Mapping ®x : Ot (&,77) = [-1,1]> = Qx| (x,)
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Hybrid dual finite element method

[e]e]e] Jo)

Discretization
{u<”*1>,q*><°>,i<°>} € {HAH(Q),LZAO(Q),Hg/ZAO(r)},
(vw*l),u(”’l)) — / do*=1) /\43(0) :I:/ A0 Atr oD =9
Q Q T
_ [ qut- A 5O — [ ) A 5O
/Q " ¥ ./of Y
/ 7O A [tr u(”’l)] =0
JI!
Mapping ®x : Ot (&,77) = [-1,1]> = Qx| (x,)
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Hybrid dual finite element method

[e]e]e] Jo)

Discretization

{u<”*1>,q*><°>,i<°>} € {HAH(Q),LZAO(Q),Hg/ZAO(r)},

(v(nfl),u(nfl)) 7/ do= A GO i/ A0 Ao —
Q Q T
_ [ qut- A 5O — [ ) A 5O

Jaut D nd S/ o
/ 7(0) A [tr u(”’l)] =0
JT!

Mapping ®x : Ot (&,77) = [-1,1]> = Qx| (x,)

0% AF(@(Qk)) — AF(Qrey)

/q) » a®) = /M @),

commutes with the metric-independent operators, i.e.
exterior derivative d and the wedge product A :

®*da® = do*a®

o (,1<k> A b<l>> — o0 A @*pD)
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Hybrid dual finite element method

[e]e]e] Jo)

Discretization

{u1,60, A0} e {HA™1(0), 12A%(Q), HY2A(T) },

(v(nfl),u(nfl)) 7/ do= A GO i/ A0 Ao —
o Jo I
_ [ qut- A 5O — / () A 50
Josut e S
/ 7O A [tr u(”’l)] =0
Jr
Basis functions in Qg are defined by the of the

basis function in Oyef : P *(-)
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Hybrid dual finite element method
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Discretization
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Hybrid dual finite element method

[e]e]e] Jo)

Discretization

{u1,60, A0} e {HA™1(0), 12A%(Q), HY2A(T) },

(v(nfl),u(nfl)) 7/ do= A GO i/ A0 Ao —

Q Q r
_ / du(=1 /\1/3(0) = / f(”) /\1/3(0)

Ja

/'y(o tru”l] =0

Basis functions in Qg are defined by the of the

basis function in Oyef : P *(-)

du=D A O = / d@K*u(nf Y Aq’l?*‘i’r(gf)

JOk J Ok (Qres)
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Discretization
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[e]e]e] Jo)

Discretization

{u1,60, A0} e {HA™1(0), 12A%(Q), HY2A(T) },

(v(nfl),u(nfl)) 7/ do= A GO i/ A0 Ao —

Q Q r
_ / du(=1 /\1/3(0) = / f(”) /\1/3(0)
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/'y(o tru”l] =0

Basis functions in Qg are defined by the of the

basis function in Oyef : P *(-)

o » ¥, (n—1 —x (0
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Jog
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[e]e]e] Jo)

Discretization

{u1,60, A0} e {HA™1(0), 12A%(Q), HY2A(T) },

(v(nfl),u(nfl)) 7/ do= A GO i/ A0 Ao —
o Jo I
_ [ qut- A 5O — / () A 50
Josut e S
/ 7O A [tr u(”’l)] =0
Jr
Basis functions in Qg are defined by the of the

basis function in Oyef : P *(-)

dul=1 A §O — / PR o I ()
JOg " v Pi (Qref) K et K Ve
1 0

= [ ok (aoglt nay )

_ / du(" A0

ref ref

In discrete form, it reads WE™" Ly

Yi Zhang TU Delft 2nd-4th October, 2017, Portland, Oregon, USA 2nd October 2017



Hybrid dual finite element method

[e]e]e] Jo)

Discretization
Ax BT ' Jux 0
B 0 0] |¢x|=|Wfk
C 0 0 Ak 0
Basis functions in Qg are defined by the of the

basis function in Oyef : P *(-)

o » ¥, (n—1 —x (0

du-1) /\l/1<0) = ZDK(Q ) ddy u(f )/\QK lpr(ef)
1 0

,/ f':I)K d@ EZf )/\(b[( lpief))

_ / = A 50

ref ref

Jog

In discrete form, it reads WE™" Ly
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Hybrid dual finite element method

[e]e]e] Jo)

Discretization
Ax BT C' Jux 0
B 0 0] |¢x|=|Wfk
C 0 0 Ak 0
mAg = M;ffl) : the symmetric mass matrix, changes from

element to element.
m B = WE"""! : same in every element.

m C : wedge matrix related to the weak continuity term

/r/ A A e ]

same in every element.
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Global system
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Uy 0
b1 Wi,

b2 Wi,

2nd October



Hybrid dual finite od
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Global system

Uy 0
b1 Wi,

e SIB -

cD'c"A =cD 'h el _ [
uy ]
Py Wi
A 0

Yi Zhang TU Delft Portland, Oregon, USA




Hybrid dual finite ele

[e]e]e]e] )

Global system

uy 0

b1 Wi,

e SIB -

cD'c"A =cD 'h

b2 Wi,

After solving for A, the remaining
three local problems are trivial since
D! is already there.

Yi Zhang TU Delft ¥ c Portland, Oregon, USA ctober 2017 10




Analytical solution

50)

exact = sin(27tx) sin(27ty)

Ql (xy) = 0,17

x= % + % (€ + csin(7g) sin(7t77) )
Y- % n % (1 + csin(€) sin(7y))

0.0
0.0 02

Yi Zhang TU Delft

0.0 00
0.4 0.6 08 10 0.0 02 0.4 06 08 10 0.0 0.2 0.4

FIGURE — 3 x 3 elements, polynomial order N = 2. Left : ¢ = 0. Middle : ¢ = 0.15. Right : ¢ = 0.3
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Numerical experiments
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Analytical solution, ph-convergence
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Numerical experiments
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Analytical solution, ph-convergence
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Numerical experiments
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Analytical solution, ph-convergence
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super-convergence ?
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Numerical experiments

(o] Je]e]e]

Analytical solution, ph-convergence

super-convergence ?

1072 10° 102 10

7

5014 " 4
h E)

" e
102 uj,

107

104

1072 107

Yi Zhang TU Delft



Numerical experiments

(o] Je]e]e]

Analytical solution, ph-convergence

super-convergence ?

1072 10° 102 10
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2-d potential flow around cylinder
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The Sand-Shale problem

=

0.9

‘ H:-:H TABLE — Net flux through the left or right boundary at polynomial order N = 20

0.8

10-10

101

10~

10710

101

Hd“;f” 1) ‘/’m\

| L2 —crror

-8 k=10""

k=102
—A— k=107
¥ k=10""
—»— k=10""
4 k=10"°%
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78 9 10 11 12 13 14 15 16 17 18 19 20

(a) Sand Shale domain
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k=101 k=102

k=103

k=10"*

k=10"°

k=10"°

0.676763  0.562508

0.526257

0.520749

0.520166

0.520107
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Numerical experiments
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Thanks
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