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Mimetic spectral element method]]

Assignment #3

Yi Zhang (7K1X)

: www.mathischeap.com
@: [zhangyi_aero@hotmail.com
E3: https://github.com/mathischeap

You probably have used the scipy.quad module for integration. However, its efficiency is low
and it is like a black box; usually no one carefully checks the source code of scipy. Thus, you'd
better know how to do integration by yourself such that you can freely use it in your programs. You
will see that it is very important in the coming assignments. And, in this assignment, lets find out
how it works togerther.

1 Gauss quadrature in [—1,1]

On a segment [—1,1], the most widely used numerical integration is the Gauss(-Legendre)
quadrature. Given a positive integer N, (called the quadrature degree), one can compute the Gauss
sample nodes G, and Gauss weights G,

G'n: {>\17)\27"' 7)\Nq}a

Gw = {w17w27"' 7qu}7

where —1 < A} <Ay <--- <Ay, <landw; € R, i€ {1,2,---,Ng}. Note that these A; are not a
partition of [—1,1]. You can use, for example,

numpy .polynomial.legendre.leggauss

function to compute these nodes and weights.
Given a function f(\) over [—1,1], we can compute its integration over [—1,1] by

) [ soar= 3 unrn),
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This is saying we just need to 1) compute the values of f(\) at the Gauss sample nodes, 2) multiply
the values with the Gauss weights, and 3) compute the summation. If f,()\) is a polynomial of
degree 2N — 1 or less, this numerical integration will be exact, i.e.,

/1 fp(/\)d/\ = iwifp(Ai).

We can see that the Gauss quadrature is very handy; it computes integral using a compu-
tation of muliplication and summation which are very easy for computers. What is better, it can
be exact for polynomials and our mimetic spectral element spaces are spaces of polynomials in this
series of assignments.

2 Gauss quadrature in = [-1,1]?

In one dimension, the Gauss quadrature is straight-forward. And it is simple to extend it
to the reference element Q, = [—1,1]? in two dimensions.

In Q,, given a function f(&,n), let {&1,&2, -+ ,&n} and {n1,m2,- - ,mn} be the Gauss sample
nodes along two axes. The Gauss quadrature is

Ng Ny

/Q J&md = / 11 / 11 FEmdnde = Y > wiw; f(ny)-

i=1 j=1

We see that it is simply like applying the one-dimensional Gauss quadrature to the two axes.

3 Gauss quadrature in an arbitrary element ¢, € R?

Through the last assignment, we already know that the real problem usually is not defined in
;.. Thus we need to know how to do the numerical integration in an arbitrary element €2,,.
Suppose a C* diffeomorphism ®,, maps €, into Q,,, i.e.,

D, : 0 —Q,.

This mapping maps the Gauss sample nodes in 2. to the Gauss sample nodes in {2, as

|:y:| = (I)7l(£i777j)7 1,] S {1727 e 7Nq}~
J

Now, given a function f(z,y) in €, we can compute it integral by
Nq Nq
(2) / f(z,y)dQ ~ Z Zwiwjf(xi; Yi)In(@i, yi),
Qn i=1 j=1

where J,, is the Jacobian of mapping ®,,.

4 Gauss quadrature in an orthogonal rectangle

Samilar to Assignment #2, we only consider orthogonal rectangles here. So, we assume €2, to
be an orthognal rectangle

Qn = [x07x1] X [y()?yl}’
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And we use d, = 1 — x¢ and d, = y1 — yo. From Assignment #2, we know that for such an

orthogonal rectangle, its Jacobian is a constant, i.e.,
g d.d,

So, in , the contribution of J,(x;,y;) becomes no longer coordinates-related; can be written
as

Ng Ng

d,d
(3) /Qf(fc,y)dQ% 4y ww; f(zi,y;).

i=1 j=1

This makes the numerical integral more or less as simple as that in the reference element.

Assignment 3.1.0: Numerical integral in an orthogonal rectangle

You need to program a function to compute the numerical integral in an orthogonal
rectangle. You can apply your function to, for example,

f(x,y) = sin(27z) cos(27y) + 1,

and compute its integral over a rectangle [1,2] x [2,3]. Compare your results for
different quadrature degree N, to the analytical result.

5 Numerical integration for mimetic spectral element spaces

Consider the mimetic spectral element space C(2,). If ap, Bn € C(Q,), we know they can be
expressed as

T
z

N
Z a;;11% (
=0

J

||
1M“

(4)

Il
z

J

N
> bi11y (z,y).

=0 7=0

Now, we try to use the numerical integral to compute the inner product between «j and Sy,
{(@n, Br)g, - Using (), the inner product can be written explicitly as

j=N N j=N N
(5) (on, Br)g < > a1 (2, y), bi;11% (z > ,
=0 j=0 =0 Q

=0 j

n

If we use a one-dimensional indexing (also called a local labeling) to label the expansion coefficients
and basis functions as
Ak = Ajx(N+1)+i+1 = iy,
br = bj><(N+1)+i+1 = bij7
1¥(x,y) = 117X () = 119 (x, ).
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The inner product can be further expressed as

j=N N j=N N
<ah>Bh>Qn = < 31‘3’11:5(37724)7 b 11 (‘T )> .

i=0 j=0 i=0 j .
(6) <11;, 111)% <11;, 112>Qn e <11;, 11?9” by
e o o (11%2,11Y,  (11%,11%), - (11%115), | |}
= . . . . “ e ’
<11K,.111>Q <11K,.111>Q <11K1.1K>Q br

where K = (N + 1)? and we have omitted (z,y) (for example, 11" means 11'(z,y)). It is clear
that the inner product becomes a matrix multiplication of three inputs, a 1 x (N + 1)? matrix (row
vector), an (N +1)? x (N +1)? square matrix, an (N 4+ 1)? x 1 matrix (colume vector). The output
is a 1 x 1 matrix, i.e., a real number. With @, we can see that, if we have pre-computed

(11t,11Y),  (11',11%), - (11',11%)
y (11%,11Y,  (11*,11%), - (11%,11F)
Cc = . . . . ;
(11K, '111>Qn (11X, '112>Qn e (11K, 1.1K>Qn

we can quickly compute the L?-inner product as
<ah7 ﬁh>Qn = O_ZTMCB7

where @ and 5 are colume vectors of expansion coefficients of «y, and Sy, respectively. And we call
M the mass matrix of C(€2,). Obviously, M, the mass matrix of G(£2,,) is same to M. Clearly
M is symmetric, i.e., M§, = M.

Similarly, we can easily derive the mass matrix of S(€2,),

(ee',eel),  (eel, ee2>Qn (eel, eeL>Qn

(ee? eel), (e ee?), -+ (ee? eel)
MS = " )

(eel, ee1>Qn <eeL,ee2>Qn o (eel, eeL>Qn

where we have used a local labeling | = (j — 1) x N + i, and L = N2
Now, we consider the mimetic spectral element space D(Q2,,). If u,, p,, € D(2,), they can be

expressed as
=N
i 27 0 dijely (z,y

The inner product between them can be written explicitly as

(wn. 1), = <F o, Zipr el ”HE o Sy Potei(e y>]>

up, = Z Zj L uijle (z,y
Z Z] oVijely (z,y

" SN YN plel (e
ph:l i=0 %1pwe Y

i=1 Z] ovijely (z,y) i=1 Z; 0 9iselyl (z,y)

=4 Mpp.

(8)
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where o _
ug P1
Ug P2
R u o
u = le\/[ s pP = F;Af 3
Vo q2
_VM_ _qM_
and
_|Mp O
Mp = [ 0 M%}
with ~ N 1+ 9 1 9. M
(let,1e'),  (le',le’), <1e yle >Qn
B K (1”26,
D — . . ’
(LM 1e"), (leM ee?), -+ (leM 1eM), |
© (ell, e11>Qn <e]_17 el2>Qn e <ell, elM>Qn i
<e12,611>Q <e12,e12>9 <e12,e:|.M>Q
M% _ n n ) n
(e e11),, (el e1?) (e1,e1),, |

Note that we have locally labeled the first component (corresponding to basis functions 1e*) as
m=GF-1)x(N+1)+i+1
and locally labeled the second component (corresponding to basis functions e1%”) as
m=75xXN +i.

Thus, for both components, the total number of basis functions (and expansion coefficients) is
M =N x (N +1).

Similarly, you should be able to derive the mass matrix of R(€2,,).

It is easy to see, just as M, all mass matrices are symmetric.

6 Compute the mass matrices

As we have seen, each entry of a mass matrix is just a inner product between two basis functions.
In other words, it is an integral. So, we can apply the numerical integration to compute it. For
example,
N‘I N‘I

(11t,11%), =/ 11 (2, y)11% (2, y)dQ ~ ZZwiwjlll(xi,yj)llz(x,»,yj).
Q

n i=1 j=1

d,d,
1

Similarly, you can compute entris of all mass matrices. And remember that, since all mass matrices
are symmetric, we only need to compute the upper (or lower) triangular parts of the mass matrices.

Assignment 3.2.0: Compute mass matrices

You need to program four functions to compute the four different mass matrices.
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