A new MEEVC discretization for two-dimensional incompressible
Navier-Stokes equations

Yi Zhang\/ , Artur Palhab, Marc Gerritsma’, Qinghe Yao!

Vzhangyi_aero@hotmail.com

VUNIVERSITY OF TWENTE
’DELFT UNIVERSITY OF TECHNOLOGY
!SuN YAT-SEN UNIVERSITY

- ©27-04-2023

ROBOTICS
AND
®  ECHATRONICS

CFC2023 Structure preserving discretisations for CFD


mailto:zhangyi_aero@hotmail.com

The rotational form

In a space-time domain, the dimensionless rotational or Lamb form of 2d incompressible Navier-Stokes equations

is
du+twxu+Re IVxw+VP=f inQx(0,T],

w—Vxu=0 inQx(0,T],
V-u=0 inQx(0,T],
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The rotational form

In a space-time domain, the dimensionless rotational or Lamb form of 2d incompressible Navier-Stokes equations

is
du+twxu+Re IVxw+VP=f inQx(0,T],

w—Vxu=0 inQx(0,T],
V-u=0 inQx(0,T],
which is supplemented with an initial condition,

w0 = u(x, ty),

UNIVERSITY OF TWENTE.

Yi Zhang UT CFC2023 Structure preserving discretisations for CFD 27-04-2023



The rotational form

In a space-time domain, the dimensionless rotational or Lamb form of 2d incompressible Navier-Stokes equations

is
du+twxu+Re IVxw+VP=f inQx(0,T],

w—Vxu=0 inQx(0,T],
V-u=0 inQx(0,T],
which is supplemented with an initial condition,

w0 = u(x, ty),

and two pairs of boundary conditions,

u-n=1u, onT | x(0,T]
P=P onTpx (0,T]
w=u onTg x (0,T]
uxn=1 onl"H><(O,T]'
where ') NTp =T NI =@, and '} UTp =T5 UT =2Q. UNIVERSITY OF TWENTE.
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"mass, energy (K), enstrophy (£) and vorticity (/) conserving (MEEVC)"

K:zl/u-udﬂ, Szzl/w-wd()
2 Jo 2 Ja
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"mass, energy (K), enstrophy (£) and vorticity (/) conserving (MEEVC)"

K:zl/u-udﬂ, Szzl/w-wd()
2 Jo 2 Ja

The divergence free condition of velocity,
V-u=0,

implies mass conservation.
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"mass, energy (K), enstrophy (£) and vorticity (/) conserving (MEEVC)"

K:zl/u-udﬂ, Szzl/w-wd()
2 Jo 2 Ja

The divergence free condition of velocity,
V-u=0,

implies mass conservation. In the absence of external forces, i.e., f = 0, and no net flux,
9K = —2Re L&,

%€ = —2Re 1P,

UNIVERSITY OF TWENTE.

Yi Zhang UT CFC2023 Structure preserving discretisations for CFD 27-04-2023



"mass, energy (K), enstrophy (£) and vorticity (/) conserving (MEEVC)"

K:zl/u-udﬂ, Szzl/w-wd()
2 Jo 2 Ja

The divergence free condition of velocity,
V-u=0,
implies mass conservation. In the absence of external forces, i.e., f = 0, and no net flux,

9K = —2Re71E,

%€ = —2Re 1P,

and, total vorticity,

W::/wdQ:]{ uxndrl,
Q 20

is conserved if the boundary integral is invariant over time.
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The original MEEVC scheme [1]

Find u;, € RTy, wy, € CGy, and P, € DGy _1, such that
(Oett, vn) o + (Wi X, vn) o — (Pr, V- o) = —V(V X wip, on)qy
(Orewn, En)a — % (wn, V- (unn))q + % (V- (upewn) , S}y = —v(V X wi, V X Ei)y s
(V- qu)q =0,

for all v, € RTy, ¢, € CGy, and g, € DGy_1.
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The original MEEVC scheme [1]

Find u;, € RTy, and P, € DGy _1, such that
(Ot o) oy + (Wi X, V) — (Pr, Vo) = —V(V X Wi, On)qy
(V- qn)q =0,
for all v, € RTy, and g, € DGy_1.

Time staggering of the two evolution equations.
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The original MEEVC scheme [1]

Find wy € CGy , such that

(0rwn, Cp)qy — % (Wn, V- (Cn)) g + % (V- (upwn) , Snhpy = —v(V X wp, V X Ci)q s

for all ¢n € CGy

Time staggering of the two evolution equations.
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The original MEEVC scheme [1]
Find wy € CGy , such that
(Orewn, &) — % (wn, V- (unn))q + % (V- (unwn) , Sn)y = —v{(V X wp, V X )y
for all ¢n € CGy

Time staggering of the two evolution equations.

k =k Skl k+1 —k+1 L k+3 k+2 —k+2
Wr, P Up, 2 7ph Up, 2 7ph,
tk tk+% tk-f—l tk+% th+2

UNIVERSITY OF TWENTE.

27-04-2023
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A new MEEVC formulation
[ Jelelele}

A single evolution equation formulation

Consider finite dimensional Sobolev spaces,
C(Q) c H(cur; ), D(Q) C H(div;Q), S(Q) C L2(Q),
that form a discrete de Rham complex,

R < C(Q) X5 D) 5 S(Q) — 0.

NTE.
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A single evolution equation formulation

Consider finite dimensional Sobolev spaces,
C(Q) c H(cur; ), D(Q) C H(div;Q), S(Q) C L2(Q),
that form a discrete de Rham complex,

R < C(Q) X5 D) 5 S(Q) — 0.

Given f € [L? Q)}2 and natural boundary conditions, P € H'/2(0,T;) and | € TH(rot;),T)), seek
(up, wp, Py) € D(Q) x C(Q) x S(Q), such that, V (vy, &, qn) € Do(Q,T1) x Co(Q,T5) x S(Q),

(Qettn, o)y + (wn X up, vp) g +Re ™ (V x wy, vp)gy = (P, V- o)y = (f om) — <ﬁ‘ th>rA’
P

(un, V X &n)a — (wn, Gn)oy = <ﬁu ’ T§h>rH ;
(V- up, qn)q =0,

subject to essential boundary conditions, Tu, =4, € TD(Q, T, ) and Tw, = @ € TC(Q,T), and initial
conditions (u),w?) € D(Q) x C(Q). NTE.
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Dissipation and conservation properties

m the domain is periodic (9Q) = @)
m no external force.

Mass conservation : uy, is selected to be in D(Q)) C H(div;Q)),

V~uh:0.

Given f € [L? Q)}2 and natural boundary conditions, P € H/2(Q, I'p) and %) € TH(rot; (), T)), seek
(uh,wh,Ph) S D(Q) X C(Q) X S(Q), such that, V(’l]h, [ qh) E Do(Q,rl) X Co(Q,r&,) X S(Q),

(Orn, on) o + {wn X up, o) +Re™ (V x wp, vp) g = (P, V- o) = (f,0n) — <13’ th>p ’
P

,V — (wp, =(uy|T P
(un, V X Sn) — {wn, )y <”H’ Ch>rH
<V s Up, qh)ﬂ =0,

subject to essential boundary conditions, Tu, =1, € TD(Q,T,) and Twy, = @ € TC(Q,T), and initial
conditions (), w?) € D(Q) x C(Q).
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Energy dissipation and conservation

Given f € [L? Q)}2 and natural boundary conditions, P € H/2(Q, I'p) and % € TH(rot; (), T)), seek
(uh,wh,Ph) S D(Q) X C(Q) X S(Q), such that, V(’llh, [ qh) E Do(Q,rl) X Co(Q,r&,) X S(Q),

(Orn, on) o + {wn X up, o) +Re™ (V x wp, vn) g = (P, V- o) = (f,on) — <13’ th>p’
P

,V — (wp, =(uy|T P
(un, V X Sn) e — {wn, )y <uu’ Ch>rH
<V s Up, qh)ﬂ =0,

subject to essential boundary conditions, Tu, =1, € TD(Q,T',) and Twy, = @ € TC(Q,T), and initial
conditions (), w?) € D(Q) x C(Q).
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Energy dissipation and conservation

Given f € [L? Q)}2 and natural boundary conditions, P € H/2(Q, I'p) and % € TH(rot; (), T)), seek
(uh,wh,Ph) S D(Q) X C(Q) X S(Q), such that, V(’llh, [ qh) E Do(Q,rl) X Co(Q,r&,) X S(Q),

(Orn, on) o + {wn X up, o) +Re™ (V x wp, vn) g = (P, V- o) = (f,on) — <13’ th>p’
P

,V — (wp, =(uy|T P
(un, V X Sn) e — {wn, )y <uu’ Ch>rH
<V s Up, qh)ﬂ =0,

subject to essential boundary conditions, Tu, =1, € TD(Q,T',) and Twy, = @ € TC(Q,T), and initial
conditions (), w?) € D(Q) x C(Q).

If we replace vy, by u, € D(Q)), we obtain

<E)tuh,uh>0 + (wh X uh,uh)n + R671 <V X wh,uh)n — (Ph,V . M]1>Q =0,
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Energy dissipation and conservation

Given f € [L? Q)}2 and natural boundary conditions, P € H/2(Q, I'p) and % € TH(rot; (), T)), seek
(uh,wh,Ph) S D(Q) X C(Q) X S(Q), such that, V(’llh, [ qh) E Do(Q,rl) X Co(Q,r&,) X S(Q),

(eatn, o)y + (wp X up, vp) g +Re™ (VX wiy, o)y = (P, V- o)y = (fom) — <13’ th>p’
P

Y — {wy, = (uy|T 5
(un, V X Sn) e — {wn, )y <uH’ Ch>rH
(V-up,qn)q =0,

subject to essential boundary conditions, Tu, =1, € TD(Q,T',) and Twy, = @ € TC(Q,T), and initial
conditions (), w?) € D(Q) x C(Q).

If we replace vy, by u, € D(Q)), we obtain
<E)tuh,uh>0 + (wh X uh,uh)n + R671 <V X wh,uh)n — (Ph,V . M]1>Q =0,

which leads to (semi-)discrete energy balance :

ore-te,,  UNIVERSITY OF TWENTE.

9t/ = (e, wy) ey = —Re ™" (wp, wp)y =
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A new MEEVC formulation
[e]e]e] o}

Enstrophy dissipation and conservation

Given f € [Lz(())}2 and natural boundary conditions, P € H'/2(0,T;) and | € TH(rot;),T)), seek
(uh,wh,Ph) € D(Q) X C(Q) X S(Q), such that, V(‘Uh, éhr %) € Do(Q,rJ_) X CO(Q,F@) X S(Q),

(e1tn, o)y + (wn X up, Op) g +Re ™ (V x wy, vp)qy = (P, V- o)y = (fom)q — <13‘ th>rﬁ’
P

(un, V X Cn)q — (Wi, Cn) = <ﬁH ’ T¢h>ru !
(V-up,qn)q =0,

subject to essential boundary conditions, Tu, =4, € TD(Q, T, ) and Tw, = @ € TC(Q,T), and initial
conditions (u),w?) € D(Q) x C(Q).

UNIVERSITY OF TWENTE.
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A new MEEVC formulation
[e]e]e] o}

Enstrophy dissipation and conservation

Given f € [LZ(Q)}Z and natural boundary conditions, P € H!/2(Q, I'p) and 4 € TH(rot; ), T)), seek
(uh,wh,Ph) S D(Q) X C(Q) X S(Q), such that, V(‘Uh, Ch, qh) € Do(Q,rl) X CQ(Q,FQ) X S(Q),

(ettn, o)y + (wn X up, Op) g +Re ™ (V x wy, vp)qy = (P, V- o)y = (fom)q — <ﬁ‘ th>rﬁ’
P

(U, V X Ch) — (Wn, Cn) = <ﬁH ’ 7-(:h>rH !
(V- qn)n =0,

subject to essential boundary conditions, Tu, =1, € TD(Q,T, ) and Twy, = @ € TC(Q,T), and initial
conditions (u),w?) € D(Q) x C(Q).

We know that, V &, € C(Q), the velocity evolution equation must hold for V x ¢, € D(Q), namely,
(@eu, V % G) g+ (wn Xy, V X i)y +Re™ (V x @y, V X Gp)g = (P, V-V X G)g =0,

UNIVERSITY OF TWENTE.
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A new MEEVC formulation
[e]e]e] o}

Enstrophy dissipation and conservation

Given f € [LZ(Q)}Z and natural boundary conditions, P € H!/2(Q, I'p) and 4 € TH(rot; ), T)), seek
(uh,wh,Ph) S D(Q) X C(Q) X S(Q), such that, V(‘Uh, Ch, qh) € Do(Q,rl) X CQ(Q,FQ) X S(Q),

(ettn, o)y + (wn X up, Op) g +Re ™ (V x wy, vp)qy = (P, V- o)y = (fom)q — <ﬁ‘ th>rﬁ’
P

(U, V X Ch) — (Wn, Cn) = <ﬁH ’ 7-(:h>rH !
(V- qn)n =0,

subject to essential boundary conditions, Tu, =1, € TD(Q,T, ) and Twy, = @ € TC(Q,T), and initial
conditions (u),w?) € D(Q) x C(Q).

We know that, V &, € C(Q), the velocity evolution equation must hold for V x ¢, € D(Q), namely,
(e, V % Ey) g+ (wp x up, V X Sy +Re™H(V x oy, V x Gy = (P, V- V x i) =0,
If we take the time derivative of vorticity equation, we obtain

Oy, V X Cu)y = (Orwn, Sy, VEn € C(QY). UNIVERSITY OF TWENTE.
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A new MEEVC formulation
[e]e]e] o}

Enstrophy dissipation and conservation

Given f € [Lz(())}2 and natural boundary conditions, P € H'/2(0,T;) and | € TH(rot;),T)), seek
(uh,wh,Ph) € D(Q) X C(Q) X S(Q), such that, V(‘Uh, éhr %) € Do(Q,rJ_) X CO(Q,F@) X S(Q),

(e1tn, o)y + (wn X up, Op) g +Re ™ (V x wy, vp)qy = (P, V- o)y = (fom)q — <13‘ th>rﬁ’
P

(un, V X Cn)q — (Wi, Cn) = <ﬁH ’ T¢h>ru !
(V-up,qn)q =0,

subject to essential boundary conditions, Tu, =4, € TD(Q, T, ) and Tw, = @ € TC(Q,T), and initial
conditions (u),w?) € D(Q) x C(Q).

(@rwn, En)ey + (Wi X 1wy, V X &)y + Re ™V x wy,, VX &)y =0, V&, € C(Q).

UNIVERSITY OF TWENTE.
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A new MEEVC formulation
[e]e]e] o}

Enstrophy dissipation and conservation

Given f € [Lz(())}2 and natural boundary conditions, P € H'/2(0,T;) and | € TH(rot;),T)), seek
(uh,wh,Ph) € D(Q) X C(Q) X S(Q), such that, V(‘Uh, éhr %) € Do(Q,rJ_) X CO(Q,F@) X S(Q),

(e1tn, o)y + (wn X up, Op) g +Re ™ (V x wy, vp)qy = (P, V- o)y = (fom)q — <13‘ th>rﬁ’
P

(un, V X Cn)q — (Wi, Cn) = <ﬁH ’ T¢h>ru !
(V-up,qn)q =0,

subject to essential boundary conditions, Tu, =4, € TD(Q, T, ) and Tw, = @ € TC(Q,T), and initial
conditions (u),w?) € D(Q) x C(Q).

(@wn, Gn) o + (wn X w, V X G)q +Re ™ (V x @y, VX &) =0, VG, € C(Q).
We can replace ¢, by wy € C(Q) and get

(Orwp, wy) oy + (wp Xy, V X wy) g +Re! (Vxwp, VXwy)g =

0.
UNIVERSITY OF TWENTE.
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A new MEEVC formulation
[e]e]e] o}

Enstrophy dissipation and conservation

Given f € [Lz(())}2 and natural boundary conditions, P € H'/2(0,T;) and | € TH(rot;),T)), seek
(uh,wh,Ph) € D(Q) X C(Q) X S(Q), such that, V(‘Uh, éhr %) € Do(Q,rJ_) X CO(Q,F@) X S(Q),

(e1tn, o)y + (wn X up, Op) g +Re ™ (V x wy, vp)qy = (P, V- o)y = (fom)q — <13‘ th>rﬁ’
P

(un, V X Cn)q — (Wi, Cn) = <ﬁH ’ T¢h>ru !
(V-up,qn)q =0,

subject to essential boundary conditions, Tu, =4, € TD(Q, T, ) and Tw, = @ € TC(Q,T), and initial
conditions (u),w?) € D(Q) x C(Q).

(@wn, Gn) o + (wn X w, V X G)q +Re ™ (V x @y, VX &) =0, VG, € C(Q).
We can replace ¢, by wj, € C(Q)) and get

(Brewp, wp)q + (wp X w, V x wp)q +Re NV x wy, V X wy)q =

0.
UNIVERSITY OF TWENTE.
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A new
[e]e]e}

Enstrophy dissipation and conservation

Given f € LZ(Q)}2 and natural boundary conditions, P € H/2(Q, Ip) and 4 € TH(rot; (L T)), seek
(uh,wh,Ph) S D(Q) X C(Q) X S(Q), such that, V(‘l)h, [ qh) E Do(Q,rl) X Co(ﬂ,r&,) X S(Q),

(Orn, vn) o + {wn X up, o) +Re™ (V x wp,vn) g = (P, V- o) = (. 0n) — <13’ th>rA ’
P

IV - s =(u T ’
(un, V X Sn) — {wn, )y <”H’ Ch>rH
(V-up,q1)q =0,

subject to essential boundary conditions, Tu, =1, € TD(Q,T',) and Twy, = @ € TC(Q,T), and initial
conditions (), w?) € D(Q) x C(Q).

As uy € D(Q) and V -u, = 0 is satisfied pointwise, we can find a stream function ¢, € C(Q)) such that
up, = V X ¢y, thus
wp Xuy =wy XV x P, =V (wpp) — Py, X V X wy.

UNIVERSITY OF TWENTE.
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A new
[e]e]e}

Enstrophy dissipation and conservation

Given f € LZ(Q)}2 and natural boundary conditions, P € H/2(Q, Ip) and 4 € TH(rot; (L T)), seek
(uh,wh,Ph) S D(Q) X C(Q) X S(Q), such that, V(‘l)h, [ qh) E Do(Q,rl) X Co(ﬂ,r&,) X S(Q),

(Orn, vn) o + {wn X up, o) +Re™ (V x wp,vn) g = (P, V- o) = (. 0n) — <13’ th>rA ’
P

IV - s =(u T ’
(un, V X Sn) — {wn, )y <”H’ Ch>rH
(V-up,q1)q =0,

subject to essential boundary conditions, Tu, =1, € TD(Q,T',) and Twy, = @ € TC(Q,T), and initial
conditions (), w?) € D(Q) x C(Q).

As uy € D(Q) and V -u, = 0 is satisfied pointwise, we can find a stream function ¢, € C(Q)) such that
up, = V X ¢y, thus
wp Xuy =wy XV x P, =V (wpp) — Py, X V X wy.
Therefore,
(w;, X uy, V X wh)Q = (V (whlph),v X wh>Q — <1[J;, XV X wy, V X wh)n
= {Wnn, V- V X wp)gy = (P X V X @, V X @)y

UNIVERSITY OF TWENTE.
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A new MEEVC formulation
[e]e]e] o}

Enstrophy dissipation and conservation

Given f € [Lz(())}2 and natural boundary conditions, P € H'/2(0,T;) and | € TH(rot;),T)), seek
(uh,wh,Ph) € D(Q) X C(Q) X S(Q), such that, V(‘Uh, éhr %) € Do(Q,rJ_) X CO(Q,F@) X S(Q),

(e1tn, o)y + (wn X up, Op) g +Re ™ (V x wy, vp)qy = (P, V- o)y = (fom)q — <13‘ th>rﬁ’
P

(un, V X Cn)q — (Wi, Cn) = <ﬁH ’ T¢h>ru !
(V-up,qn)q =0,

subject to essential boundary conditions, Tu, =4, € TD(Q, T, ) and Tw, = @ € TC(Q,T), and initial
conditions (u),w?) € D(Q) x C(Q).

We get a (semi-)discrete enstrophy balance :

(atwh,wh)n = *R671 <V X wy, V X wh)o = 72R97177h .

UNIVERSITY OF TWENTE.
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A new MEEVC formulation
[e]e]e]e] }

Vorticity conservation

Given f € [Lz(())}2 and natural boundary conditions, P € H'/2(0,T;) and | € TH(rot;),T)), seek
(uh,wh,Ph) € D(Q) X C(Q) X S(Q), such that, V(‘Uh, éhr %) € Do(Q,rJ_) X CO(Q,F@) X S(Q),

(Qe1tn, o)y + (wn X up, Op) g +Re ™ (V x iy, vp)qy = (P, Vo) g = (fom)q — <13‘ th>rﬁ’
P

(un, V X Cn)q — (Wi, Cn) = <ﬁH ’ T¢h>ru !
(V-up,qn)q =0,

subject to essential boundary conditions, Tu, =4, € TD(Q, T, ) and Tw, = @ € TC(Q,T), and initial
conditions (u),w?) € D(Q) x C(Q).

From
(Brwp, En) + (W Xy, V X &g +Re™TH(V xwy, VX &g =0, V& €C(Q),

we obtain, by taking ¢, =1,

atWh = <atwh,1)0 = 0,
W, = 0. UNIVERSITY OF TWENTE.
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Discretization

Implicit midpoint temporal discretization; mimetic spectral elements; orthogonal and curvilinear meshes

Xx=a (r + %c sin(27r) sin(27ts))

y=a (s + %C sin(27tr) sin(Zns))

=
H
N
e

e
N
J

W

A\

TaSS,
ESSS.

T
ANANNY
JARRANN
‘\\\\\

Z
0\

L

nn

1
\\

7=

3!

]
]

Figure ~ Meshes for K = 25, ¢ = 0 (left) and ¢ = 0.25 (right). UNIVERSITY OF TWENTE.
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Numerical tests

0@000

Accuracy test : Taylor-Green vortex

|
|

|

J 7‘(_*_‘/"4‘/%‘7 10! 5/5
F et e it E
7//7 g ] = [ 1
E = [ i 1072k |
E 3 107! E—/? E E
2 I Ev—="2 El L " 3
L i 5 5 1 = [ ]
g ER / 10-3 /
Ee '3 3 1073 ;— 3 —; fets 1
7 E L 3 10— = .

107! 2x 107! 107! 2x 107t 107! 2x 107t
2/K 2K 2/ K

Figure — H(div)-error of uy,, H(curl)-error of wj, and L2-error of P}, at t = 1 of the Taylor-Green vortex test under pl-refinements for

N e {1,2,3},c€ {0,025}, K € {10,12,14---,24}, At = J and Re = 100.

UNIVERSITY OF TWENTE.
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Conservation and dissipation tests : Shear layer roll-up

The shear layer roll-up is a two-dimensional ideal flow whose initial condition is given by

)

tanh(:m/(sﬂ>, y>

tanh(w>, y<m

u =

where § = f£ and € = 0.05

CFC2023 Structure preserving discretisations for CFD
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Conservation and dissipation tests : Shear layer roll-up
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Figure — Discrete mass, energy, enstroph%z and vorticity conservation over time of the ideal shear layer roll-up test for N =2,¢ =0
(left), c = 0.25 (right), K = 48 and At =
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Figure — Discrete mass conservation, energy and enstrophy bala n s, and vorticity conservation over time of the viscous shear layer
roll-up test for N = 2, ¢ = 0 (left), c = 0.25 (right), K = 48, At = 5 nd Re = 500.
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No-slip boundary condition test : Normal dipole collision

In Q = (x,y) € [~1,1]? with no-slip walls, the unscaled initial velocity field is given by

1 1
0 = =2 ael (= )V 4 ] (= ) e 02/)

2
’

0

o = 3 el (r=x2) =20 4 Z ] e )/,

where |we| = 320, (x1,y1) = (0,0.1) and (x2,¥2) = (0,—0.1), r; and r, are distances to (x1,y1) and (x,12),
respectively, and rp = 0.1.
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Numerical tests
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No-slip boundary condition test : Normal dipole collision
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No-slip boundary condition test : Normal dipole collision
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Figure — Vorticity field wy, in region (x,y) € [0.4,1] x [—0.6,0] at t = 1 with contour lines for wj, € {—90, —70,—50,--- ,70} and on the
boundary section (x,y) € —1 x [~0.6,0] at t € {0.4,0.6,1} compared to reference results for Re = 625. The present simulation has 145?
degrees of freedom for vorticity. The reference simulation uses a pseudospectral method and has 256> degrees of freedom for vorticity.
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No-slip boundary condition test :
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Figure — Discrete energy, enstrophy, palinstrophy over time compared to reference results and mass and vorticity conservation over
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Convective term, (wy, X uy,, V X wy)q, for enstrophy conservation

In the periodic unit square, given two random smooth scalar fields,
w =2msin(2mx +e) sin(2mwy + ),  p = 2mwsin(27x 4 g) sin(27wy + k),

where ¢,f,g,h € (0,1) are random real numbers. u;, = V X 1.

Table - (wy, X uy, V X wy)q, for ¢ € {0,025}, K =12, N € {2,3} and Np € {1,2,3,4,5}.

No c 0 0.25
2 3 2 3
1 1.051603e — 12 4.718004e — 12 —1.911286e + 02  —6.932361¢ + 00
2 —1.592504¢ — 12 2.245315¢ — 12 —5.186962¢ — 12 7.431714e + 00
3 2.806644e —13  —1.016076e — 12 6.508571e — 12 1.552191e — 03
4 1.650236¢ — 12 7.958079¢ — 13 —7.460699¢ — 14  —9.947598¢ — 14
5 —5.215384¢ — 12 1.875833¢ — 12 1.696421e — 12 5.684342¢ — 13
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Conclusions

m v Single evolution equation formulation
m  Straightforward incorporation of no-slip boundary conditions.

m x Nonlinear system.
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